Abstract. We consider the following problem. Let G = (V, E) be an undirected planar graph and let s, t E V, s ~ t. The problem is to find a set of pairwise edge-dlsjoint paths, each connecting s with t, with maximum cardlnality, in other words, the p,'oblem is to find a maximum unit flow from s to t. The fast.est algorithm in the literature has running time o(IvI log IVl).
Introduction
Let G = (V, E) be an undirected, planar graph and let s, t E V, s r t. Tile problem is to find a maximum number of paths connecting s with t such that no two paths have an edge of G in common (edge-disjoint Menger problem). This problem is of some interest in connection with VLSI design and in the layout of traffic and communication networks, since there the underlying networks are often undirected and planar. The best worst-case bound obtained so far is based on network flows. In [Re], Reif gives an algorithm that finds a minimum (s, t)-cut in undirected, planar graphs with respect to arbitrary positive capacities. This algorithm consists in a reductiou to O(Iog n) shortest path computations in the dual graph and, hence, requires O(n log "~ n) time, where n = IVI. Hassin and Johnson showed how to make use of this idea to solve, within the same asymptotic running time, the maximum flow problem itself in undirected, planar graphs with arbitrary positive capacities [HJ] . Based on Frederickson's decomposition technique, both algorithms can be implemented so as to run in O(nlogn) time. Fredericksou's tecllnique is applied to solve a single shortest path problena in linear time even for arbitrary capacities (with O(n logn) preprocessing time in addition). Therefore, in the unit ceLse, which is the special case we consider here, we Callnot do better by replacing Dijkstra's algorithm with a simple breadth-first search.
In this paper now, another approach is introduced, which yields an O(n)algorithm. Instead of G itself, the algorithm works on the directed, symmetric graph G"* = (V, E'~), which arises from G by replacing each undirected edge {v, w} E E with the two corresponding directed arcs (v,w) and (w,v) . It suffices to find a solution for G ~, since this immediately yields a solution for G as well: An edge {v, w} E E belongs to tile solution for G if and only if exactly one of (v,w) and (w, v) belongs to tile solution for G ~. See Figs. 11 and 12.
The basic idea is tile following. First we determine a circulation in G"* such that tile residual graph of this circulation contains no clockwise cycle. This is crucial for the core procedure, which constructs a maximum number of edge--disjoint (s,t)-paths in a certain class of directed, planar graphs: All cycles have the same orientation and tile indegree of each vertex equals its outdegree. The core procedure is applied to the residual graph of that circulation, and the result is then easily transformed into a maximum solution for G ~ itself.
Very recently, the vertex-disjoint version of this problem could be solved in linear time as well [RWW] . That algorithm is based on similar ideas, but runs fairly differently. In particular, completely different strategies are applied to avoid clockwise cycles. The correctness proof for the vertex-disjoint case is much more complicated.
In view of the result presented now, it seems that the general approach behind these algorithms conforms to the edge-disjoint case much better than to the vertex-disjoint case.
The paper is organized as follows. In Section 2, all necessary terminology is i,atroduced. Then, in Section 3, the algorithm itself is given. It will turn out that the overall running time is dominated by the time required to perform a certain sequence of union-find operatiol,s. Using a technique developed by Gabow and Tarjan [GT], these operations can, too, be implemented so as to run in linear time. Finally, in Section ,1, correctness of the algorithm is proved.
Prelilninaries
Let G ~ = (1I, E ~) be tile directed, symmetric graph that arises from G when we replace each undirected edge {v, w} (5 E with the two corresponding directed arcs (v, w) and (w, v) . See Figs. 1 and 2 . From now on, we will restrict attention to the problem of finding a maxinmm unit flow F from s to t ill G ~. That is, F is a 0/1-weighting of all arcs of G ~ such that 
